ON TWO TRANSFER PRINCIPLES IN STOCHASTIC DIFFERENTIAL GEOMETRY M. Emery(*)
A well known rule of thumb in stochastic differential geometry is what Malliavin calls "the transfer principle": Geometric constructions involving manifold-valued curves can be extended to manifold-valued processes by replacing classical calculus with Stratonovich stochastic calculus. This is explained by Stratonovich differentials obeying the ordinary chain-rule, and also by an approximation result when the random process is smoothed by some convolution or a polygonal interpolation. Extending Bismut's work on Brownian diffusions (1] , , Schwartz [10] , (11] and Meyer [9] have given a rigorous content to this principle, the former by defining intrinsic stochastic differential equations in manifolds and the latter by establishing the approximation theorem in a very general setting. On the other hand, Meyer [8] has shown how to. compute intrinsic Ito integrals in a manifold endowed with a connection. This leads to another transfer principle, transforming ordinary into Ito differential equations. We shall give an approximation scheme for this principle too, generalizing at the same time the approximate construction of Ito diffusions by Bismut [1] and that of Ito integrals of first order forms due to Duncan [4] and Darling [2] . . These two transfer principles don't have the same properties. Whereas the Stratonovich one respects all submanifolds (that is, every submanifold preserved by the ordinary differential equation is also by the Stratonovich one), the Ito one respects only the totally geodesic ones. On the other hand, the Ito transfer requires less smoothness and extends better to operations depending upon t and w; but it also requires a richer geometry: every manifold must be endowed with a connection.
The Ito transfer principle explains a posteriori the discovery by Meyer (9] act on independent variables, so they commute, and the product is well-defined even though each of them is only defined at the point (x,y). .
PROOF.
Let Lf = (L)M + (fL)N + fL. [10] and Meyer [8] . . The setting chosen here is borrowed from [6] ; ; the only new feature is the constraint P.
Notice that the ordinary differential equations to be transferred by Theorem [8] or [10] d2 (X'Y) .
( Since 03B6n^03B6 tends to 03B6 in prbability, the random variable above is well-defined except on an event whose probability tends to zero, and convergence in probability makes sense.
As each point has a countable basis of neighbourhoods, the topology can be defined with sequences only. THEOREM 9. (Stratonovich approximation). . Let 0))). As e is constrained to P, g(0) is tangent to P; as P is totally geodesic, the whole geodesic is in P, and (~,r~) -g(1j e P. So the graph is included in P (at least, near (x,y)), and f = x is constrained to P.. (.,u) ,.,.) on compacts (this is a consequence of (iii) and (iv); the existence of right limits is used), this shows that e(T.,u,X ,y)X,p [In the Riemannian case, the above argument is not necessary since the connection on N can easily be made complete by a modification near infinity; but for arbitrary connections, geodesies may "explode" while remaining in a compact set, because their This claim is a particular instance of Theorem i.d of [5] 
